The fundamental theorem on representation{ nite quivers in 6] indicates a close connection between the representation type of a quiver and the de niteness of a certain quadratic form. Later on a similar connection has been discovered in other classi cation problems of representation theory. It turns out that there is a strong interaction of quadratic forms and the reperesentation theory of nite{dimensional algebras.
The fundamental theorem on representation{ nite quivers in 6] indicates a close connection between the representation type of a quiver and the de niteness of a certain quadratic form. Later on a similar connection has been discovered in other classi cation problems of representation theory. It turns out that there is a strong interaction of quadratic forms and the reperesentation theory of nite{dimensional algebras.
Given a quasi{hereditary algebra A, instead of the complete module category, one studies the {good module category F( ) consisting of A{modules which have a ltration by standard modules. Analogously to a complete module category, one can associate quadratic forms (may also called Euler form and Tits form) with the {good module category F( ). The aim of this paper is to study {good module categories in term of these forms. First, we study {directing and {omnipresent modules in the {good module category F( ) over a quasi{hereditary algebra A and show that the existence of a {directing and {omnipresent module in F( ) implies that all standard modules have projective dimension at most 2. By using the process of standardization introduced in 5], the study of {directing modules in F( ) can be reduced to the study of those over certain quasi{hereditary algebras which admit a {directing and {omnipresent module. For these quasi{hereditary algebras the quadratic forms associated with their {good module categories are well behaved. By applying this reduction, we show that F( ) is nite (i.e. there are only nitely many isomorphism classes of indecomposables in F( )) if all indecomposables in F( ) are {directing.
Note that this statement has been proved in 4] in a more general situation in connection with certain vector space category, but the proof presented here is more straightforward. Further, if A is connected and F( ) has a preprojective component, then the weak positivity of the Tits form of F( ) implies the niteness of F( ).
Secondly, we study {good module categories over hereditary algebras. Note that hereditary algebras as a particular class of quasi{hereditary algebras admit the following description: An algebra is hereditary if and only if it is quasi-hereditary Supported by Alexander von Humboldt Foundation with respect to any ordering of the simple modules (see 5]). In 15] it is shown that the {good module category F( ) over a hereditary algebra is nite if and only if the Tits form is weakly positive. By using the well-developed tilting theory, we obtain easily that the {good module category over a hereditary algebra is tame if and only if the Tits form is weakly nonnegative. In this case, we describe compeltely the dimension vectors of all indecomposable {good modules in terms of the Tits form. Further, by applying the well-known structure of the Auslander{Reiten quiver of a tilted algebra, a description of the shape of the Auslander{Reiten quiver of the {good module category over a hereditary algebra is given.
Preliminaries
Throughout the paper, A denotes a nite{dimensional algebra over an algebraically closed eld k, mod We now recall the de nition of a quasi{hereditary algebra. Let E(1); E(n) be a complete set of non{isomorphic simple A{modules. Note that we x a particular ordering for labelling the simple A{modules. For each i, let P(i) be a projective cover of E(i) and denote by (i) (or A (i) in order to indicate for the algebra A) the maximal factor module of P(i) with composition factors of the form E(j), j i. Let be the full subcategory consisting of all (i), 1 i n. We call modules in standard modules. The category F( ) = F( A ) is called the -good module category. The cosatndard modules r(i) and the r{good module category F(r) are de ned dually.
The algebra A is called quasi{hereditary if End A ( (i)) = k, for each 1 i n, and A A belongs to F( ).
In case A is quasi{hereditary, Ringel 21] shows that there are indecomposable modules T(i), 1 For each vector x = (x(i)) i 2 N n , we de ne x to be the vector
De nition 1.1 Let A be quasi{hereditary with standard modules f (i) : 1 i ng. The Euler form A (or simply ) of F( ) is de ned to be
where x = (x(1); ; x(n)) 2 Z n , and the Tits form q A (or simply q ) of F( ) is de ned to be
The quadratic form has been de ned in 15] (Note that there always holds Ext l ( (i); (j)) = 0 for i > j and l 0). Clearly, if proj.dim (i) 2 for all i, the forms and q then coincide.
By Proof. Let X be {omnipresent. It is clear that Hom A (P (i); X) 6 = 0 for each 1 i n. Since (i) appears as a factor in a { ltration of X, there are submodules X 1 X 2 X such that X 2 =X 1 = (i). Then there is a monomorphism f : X 2 =X 1 ! T(i). Because T(i) is Ext{injective in F( ), f can be extended to a morphism 0 6 = g : X=X 1 ! T(i). Then the composition of g and the canonical projection X ! X=X 1 is a nonzero morphism from X to T(i), that is, Hom A (X; T(i)) 6 = 0. This nishes the proof. Note that, in general, neither Hom A (P (i); X) 6 = 0 nor Hom A (X; T(i)) 6 = 0 implies that (dim X)(i) 6 = 0.
The following proposition is an analogue to 19, 2.4 (7)] (see also 9] and 2]). However, the proof given here uses similar arguments in 2]. we get that Proof. Since each X 2 C is {directing, we obtain by Lemmas 2.4 and 2.1 that q A (dim X) = q B X (dim F X (X)) = 1; that is, dim X is a root of q A . Since q A is weakly positive, it has only nitely many positive roots. Thus, by Lemma 2.6, C is nite. According to 22], C must be ? F( A ) . Hence, F( ) is nite.
The following proposition gives a su cicent condition for the existence of a preprojective component in the {good module category F( Fix an 1 i 0 n and let P 0 be the connected component of ? F( ) containing P(i 0 ). We claim that P 0 consists of {orbits of projectives only. Otherwise, there would be an indecomposable X and a projective P in P 0 such that s X exsit for all s 0 and that there is an arrow from X to P in P 0 . Then P has in nitely many predecessors in P 0 , or P is contained in a cycle in P 0 . This is a contradiction.
By applying , a cycle in P 0 can be translated to one containing an indecomposable projective in P 0 . This is impossible. Therefore, P 0 is a preprojective component. Since A is connected, P 0 is complete. Remark 2.10. Let A be the algebra de ned by the following quiver 
Hereditary algebras as quasi{hereditary algebras
This section is devoted to the study of {good module categories over hereditary algebras. We show that the {good module category over a hereditary algebra is tame if and only if the Tits form is weakly nonnegative. In this case, we also describe the dimension vectors of all indecomposable {good modules.
In 21] Ringel shows that the characteristic tilting module T over an arbitrary quasi{hereditary algebra A characterises the {good module category in the following way: In this case, G(S) is strictly wild. Moreover, similar statements of (1) Suppose G(S) is not tame. Then 1 B is a wild hereditary algebra. As seen in the proof of (1), there is an indecomposable X 2 G(S) satisfying dim k Ext 1 B (X; X) > dim k End B (X). This implies the rst assertion of (2).
Since one has in this case that 1 B is a tame hereditary algebra, G( 1Ŝ ) mod 1 B is domestic, as well as G(S).
(3) The rst assertion follows from (1) and (2). The strict wildness of G(S)
follows from the fact that 1 In the following we are going to describe the {dimension vectors of indecomposables in F( ) over a hereditary algebra. Form now on, we assume that A is a hereditary algebra. Up to Morita equivalence, we write A = kQ, the path algebra of some directed quiver Q = (Q 0 ; Q 1 ). Thus A{modules are representations of Q.
We simply write the vertex set Q 0 = f1; 2; ; ng, and denote by (i), 1 i n, the standard modules with respect to the natural ordering 1 < 2 < < n. Proof. Let A denote the full subcategory of A{modules V = (V (i); V ( )) with all i V injective. Obviously, all (i) belong to A, and A is closed under extensions. This implies that each {good module lies in A.
Conversely, choose a module V = (V (i); V ( )) in A. For each 1 i n, we denote by 1 ; ; t i all paths from n to i in Q. One then easily see that the map
) and that V 0 ( ) are induced by V ( ). By the construction, V 0 is a submodule of V generated by V (n) and isomorphic to (n) x(n) , where x(n) = dimV (n). The quotient V := V=V 0 still satis es that each i V is injective, thus lies in A. Further, V can be considered as a module over the path algebra A of the quiver Q which is obtained from Q by deleting the vertex n and arrows connecting with n. Inductively, we may suppose that V lies in F( A ), where A is considered as a quasi{hereditary algebra with respect to the order f1 < 2 < < n ? 1g, and F( A ) the {good module category of A. Since A = A=Ae n A, where e n denotes the idempotent of A corresponding to the vertex n, F( A ) is identi ed with the full subcategory of F( A ) containing modules ltered by (1); ; (n ? 1). Therefore, V lies again in F( A ). This implies that V belongs to F( A ). The proof is completed. (2) and (3) 
